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Weighted Estimates of Kato Square Roots Associated to 
Degenerate Elliptic Operators 


Dachun Yang and Junqiang Zhang* 


Abstract Let w be a Muckenhoupt A 2 (R") weight and := —w“^div(AV) the de¬ 
generate elliptic operator on the Euclidean space R”, n > 2. In this article, the authors 
establish some weighted estimates of Kato square roots associated to the degenerate 
elliptic operators Lw More precisely, the authors prove that, for w G Ap(R"), p G 2] 

and any / G ~ IIV/||LP(^,Rn), where C;;”(R”) denotes the set 

of all infinitely differential functions with compact supports. 

1 Introduction 


The Kato square root problem, which has a long history, was originally posed by Kato 
[39] in 1961. It amounts to identifying the domain of the sqnare root of an abstract max¬ 
imal accretive operator as the domain of the corresponding sesquilinear form. Although 
it is known that this problem has an affirmative answer in a few particnlar cases, in gen¬ 
eral, the Kato square root problem does not hold true; see, for example, [42, 43] for some 
counterexamples. However, by noticing that Kato posed his problem with the motivation 
from a special case of elliptic differential operators, McIntosh [45, 44] refined the state¬ 
ment of the Kato square root problem in the setting of elliptic operators. More precisely, 
let L := — div(AV) be the second order elliptic operator on M”, with A being an n x n 
matrix of complex bounded measurable functions on M"' satisfying the elliptic condition. 
The refined formulation of the Kato square root problem by McIntosh consists in showing 
that the domain of the sqnare root coincides with the Sobolev space IT^’^(]R"') and 


( 1 . 1 ) 




L2(Kn 


with the equivalent positive constants independent of /. This problem was completely 
solved by Auscher et al. [6, 7, 33] in the past decade, which consists one of the most 
celebrated results in harmonic analysis of recent years. For a more complete history of 
this problem, we refer the reader to the above papers or to the review by Kenig [41] and 
their references. 
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Observe that (1.1) consists in comparing the norms of and V/. For a general 

p € (1, oo), the LP theory of square roots has also attracted considerable attention (see 
[3, 34] and the references cited therein). In particular, Auscher [3] showed that, for any 
/ G C'-(M-), 


( 1 . 2 ) 




LP(R") 


~ l|V/||Lp(]Kn), 


P G (P-(-^)) 2 + s{L )), 


here and hereafter, the equivalent positive constants in (1.2) are independent of /, (^^(M”) 
denotes the set of all infinitely differential functions with compact supports, P-{L) := 
inf{p G [1, oo] : : LP{MP) —)• LP{W^)} G [1, and e{L) is a positive constant 

depending on L. Moreover, Hofmann et al. [36] generalized the aforementioned result to 
the range p G 2 + e(L)), by establishing the Riesz transform characterizations of 

the Hardy spaces fl£(M"') associated to the second order elliptic operator L = — div(AV), 
namely, for all / G i/)](M"’), 


(1.3) 


HU 




HP{R^) 


p G 


P-{L)n 
n +p_(L) 


, 2 + e{L) 


where denotes the classical Hardy space and the equivalent positive constants in 

(1.3) are independent of /. Noticing that, for all p G {p-{L), 2 + s{L)), both 
and Hf^(W^) coincide with the Lebesgue spaces L^(M"') (see [36, Proposition 9.1(v)]), thus 
(1.3) covers (1.2). 

In the present article, we consider the theory of square roots in the case of degenerate 
elliptic operators. To be precise, let w G A 2 (M"') be a Muckenhoupt weight. A matrix 
A(x) := of complex-valued, measurable functions on M” is said to satisfy the 

degenerate elliptic condition if there exist positive constants A < A such that, for almost 
every a; G M"’ and all ?7 G C”, 


(1.4) 


|(A(x)C, r])\ < Au;(x)lCllr7l 


and 


(1.5) 3?(A(x)C, 0 > Au;(x)l^]^, 

where denotes the real part of z for any z £ C. For such a matrix A(x), the associated 
degenerate elliptic operator is defined by setting, for all / G D{L^) C nliw, M*"), 

(1.6) L^f := div(AV/), 

w 

which is interpreted in the usual weak sense via the sesquilinear form, where D[LU) 
denotes the domain of L^j. Here and hereafter, M”) denotes the weighted Sobolev 

space which is defined to be the closure of (^^(M”) with respect to the norm 




[\f{x)\‘^ + |V/(x)l^] w{x)dx 


1/2 
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The sesquilinear form o associated with is defined by setting, for all f,g& M”), 

(1.7) a{f,g):=[ [A{x)Vf{x)] ■ Vg{x) dx. 

Operators of the form (1.6) and the associated elliptic equations were first studied by Fabes 
et al. [31] and have also been considered by a number of other authors (see, for example, 
[18, 19, 17] and, especially, some recent articles by Cruz-Uribe et al. [22, 23, 25, 24]). 

1 /2 

Observe that the accretive condition (1.5) enables one to dehne the square root Lj 
(see [39, 40]). It is a natural question to consider the associated Kato square root problem 
in the case of the degenerate elliptic operator L^. In particular, Cruz-Uribe et al. [25] 
proved that, for any / G H^iw, M”), 


LilHf) 




L^{w, 

where Lp‘{w, M”) denotes the weighted Lebesgue space with the norm 


II/IIl^c 




\f{x)\‘^w{x)dx 


This result solves the Kato square root problem associated to the operator L^,. Notice 
that, when u; = 1, is just the second elliptic operator L, thus, the results in [25] may 
be seen as generalizations of those in [6]. 

Motivated by the aforementioned results in [25, 6, 3, 36], our aim of this article is to 
study the weighted estimates of Kato square roots associated to To be precise, let 
w G ^oo(l^"') be a Muckenhoupt weight (see (2.1), (2.2) and (2.3) below for the precise 
dehnitions of 74p(M"') of Muckenhoupt weights with p G [I, oo]). For any measurable set 
E of M” and p G (0, oo), LP{w, E) denotes the weighted Lebesgue space with the (quasi- 
)norm 

\\f\\LP{w,E) ■= !^Jjf{x)\Pw{x)dxY ■ 

Let be a degenerate elliptic operator as in (1.6) with w G M 2 (M”). The following 
theorem is the main result of the present article, which is proved in Section 7. 

Theorem 1.1. Let p G (^^, 2] and w G ^p(]R"'). Then there exists a positive constant 
C such that, for any f G 




EHf) 




< C'I|V/||lp(u,,r")- 


This result establishes the weighted L^ estimates of Kato square roots associated to the 
degenerate elliptic operators Ly^ for p G (;^, 2]. In particular, when p = 2, Theorem 1.1, 
together with a density argument, leads to the corresponding result in [25]. 

To prove Theorem 1.1, we use the strategy of establishing the Riesz transform charac¬ 
terizations of the Hardy spaces associated to L^, which is accomplished by Propositions 
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1.5, 1.6 and 1.7 below. We point out that this idea is inspired by Hofmann et al. [36]. 
Now we introduce some related definitions and notation on the Hardy spaces associated 
to the degenerate elliptic operator In what follows, let := M”’ x (0, oo). Let 

w G H 2 (M"') and be as in (1.6), for any / G L'^{w, M”) and x G M"", the square function 
associated with is defined by setting 


SlM){x) ■= 


r(x) 




{f){y) w{y) 


dy 


dt 


w{B{x,t)) t 


1/2 


where H(x,t) := {y G M"’: \x — y\ < t}, w{B{x,t)) := f^^w{y) dy and 
(1.8) r„(a;) := {(y,t) G : \x - y\ < at} 


denotes the cone of aperture a with vertex x. In particular, if a = 1, we write r(x) instead 
of ra(a;). 

For any p G (0, oo), the Hardy space associated to is dehned as follows. 

Definition 1.2. Let w G H 2 (M”) and be the degenerate elliptic operator as in (1.6) 
with the matrix A satisfying the degenerate elliptic conditions (1.4) and (1.5). For any 
p G (0, 2], the Hardy space associated to L^, is defined as the completion of the 

space 

{/ £ K"') : \\SLw{f)\\LP(w,R^) < oo} 

with respect to the ( quasi-)norm 


II/IIh? fR") ll'S’Lt„(/)llLP(io,R")- 

For any y G (2, oo), define 

(<d“”))'. 

here and hereafter, 1/p + 1/p' = 1 and is the adjoint operator of in L?‘{w, M”). 

We point out that the study of the Hardy spaces associated to different operators 
(for example, the non-negative self-adjoint operator, the second order elliptic operator 
— div(HV) and the Schrodinger operator —A -|- V) has attracted considerable attention 
and the real-variable theory of these spaces has been established in recent years (see, for 
example, [5, 29, 30, 10, 49, 37, 35, 36, 28, 27, 16]). 

Moreover, we need to introduce the following Hardy space Riesz(^"^) associated to 

the Riesz transform VL^, ' , which, when re = 1, is a special case of that defined in [36, 
p. 728]. 

Definition 1.3. Let p G (1, oo), w G H 2 (M”') and be the degenerate elliptic operator 
as in (1.6) with the matrix A satisfying the degenerate elliptic conditions (1.4) and (1.5). 
The Hardy space H^^ ..RtaJR”) is defined as the completion of the space 

{/ G L\w, M'') : VL-i/2(/) g L^{w, M")} 
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with respect to the norm 

II/IIrp (K") •= 

Ijuj ) rviesz ' ■' 

Remark 1.4. Comparing with Definition 1.3, recall that, whenp G (0, 1] and re G A 2 (M”), 
the Hardy space was introduced in [50, Definition 1.2], which is dehned as 

the completion of the space 

{/ G L\w, R") : VL-V2(/) ^ 

with respect to the quasi-norm 





Riesz 


(R") 


VL-i/2(/) 




where i4£(R"') denotes the classical weighted Hardy space. Moreover, in [50], the Hardy 
spaces „,Ries.(®”) and (R”) were proved to coincide when p G {5, 1], where 6 G 
(0, 1) is some fixed constant. 


To prove Theorem 1.1, we first prove the following three propositions. 

Proposition 1.5. Let w G H 2 (R”). Then, for any given p G 
LP{w, R”) coincide with equivalent norms. 


Proposition 1.5 is proved in Section 4. In particular, when u; = 1, is just the usual 
second order elliptic operator L = — div(HV) studied in [36], where Hofmann et al. proved 
that, for any p G (p_(L), p+(L)), coincides with the Lebesgue space ITlMT) with 

equivalent norms. Notice that 1 < P-{L) < < p+{L) < oo (see [36, p.4]). 

Recall that, via the local weighted Sobolev embedding inequality proved in [31] (see also 
Lemma 6.1 below), it was proved in [51, Proposition 1.5] that, for any < p < q < 
the semigroup satisfies the weighted off-diagonal estimates on balls 

(see also Proposition 2.4 below). This is a main tool used in the proof of Proposition 
1.5, which restricts the range of p in Proposition 1.5 to the narrower interval ;y^) 

instead of {p-{L), p_|_(L)). It is still unclear whether Proposition 1.5 still holds true or not 
for a wider range of p than (;^, ■^^)- 

Proposition 1.6. (i) Let w G H 2 (R"') and p G 2]. Then there exists a positive 

constant C such that, for any f G iL£^(R"'), 


VT-i/2(/) 


Lp{w, 


, <C'||/||h£ 

1 ) I^u 


(ii) Let w G Hg(R"') with g G [1, 1 -|- ^) and p G [1, ^^]- Then there exists a positive 
constant C such that, for any f G iL? (R”), 




VL-V2(/) 


!,?(«;, R") 
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Proposition 1.6 is proved in Section 5. We point out that, when tc = 1, Proposition 1.6 
is covered by [36, Propositions 5.32 and 5.6], where Hofmann et al. proved that, for any 
p G [1, 2 + e{L)), is bounded from to LP{W^). We prove Proposition 1.6 

by using the local weighted Poincare inequality in [31] (see also Lemma 5.4 below), which 
implies that, for w G and any p G 2], is bounded on LP{w, M"'). 

This restricts the results of Proposition 1.6 to the narrower interval p G [1, 2] instead of 
p G [1, 2 + e{L)). 

Proposition 1.7. Let n > 2, p G 7 ^) and w G n H 2 (M"’). Then there 

exists a positive constant C such that, for any f G Lp‘{w, M") n Riesz(^”^)' 


Hi 

LjU 


q < C 




LP {w,R^) 


Proposition 1.7 is proved in Section 6 . Its proof relies on the weighted off-diagonal 
estimates on balls for L^, (see Proposition 2.4 below) and the local weighted Poincare and 
Sobolev embedding inequalities (see Lemmas 5.4 and 6.1 below), which restrict the results 
of Proposition 1.7 to n > 2, p G (;^, and w G Hp(M"') when p < 2. Proposition 
1.7 is an analogue of [36, Proposition 5.34], where Hofmann et al. proved that, if, for 
some r G (1, 2], the semigroup {e~^^}t>o satisfies — L? off-diagonal estimates, then, 
for any p G (max{l, p+(L)), there exists a positive constant C such that, for any 


II^II//£(R") < C 


VL-^/^{h) 


LP(R") 


Notice that, for any r G (1, 2], (^, :^) C (max{l, p+(L)). Thus, when u; = 1, 

Proposition 1.7 is covered by [36, Proposition 5.34]. 

The rest of this article is organized as follows. In Subsection 2.1, we first recall some 
notions and results on Muckenhoupt weights; in Subsection 2.2, we recall the holomorphic 
functional calculus of then, in Subsection 2.3, we introduce the weighted off-diagonal 
estimates for which have been established in [51]; in Subsection 2.4, we recall the 
notion of the weighted tent space and recall some results on their dual and interpolation 
results. In Section 3, by following the strategy used in [36, Section 4], for p G (0, 00 ), we 
establish the square function characterizations of (M”) (see Propositions 3.6 and 3.7 
below). 

We end this section by making some conventions on notation. Throughout this article, 
Luj always denotes a degenerate elliptic operator as in (1.6). We denote by C a positive 
constant which is independent of the main parameters, but it may vary from line to line. 
We also use C(^a,/3,...) to denote a positive constant depending on the parameters a, /3, .... 
The symbol f ^ g means that / < Cg. If / < 5 and g ^ f, then we write f ^ g. For 
any measurable subset E of M”, we denote by the set W^\E. Let N := {1, 2, ...} and 
Z_|_ := N U {0}. For any closed set F C M"', we let 


RiF) := U F(x), 

xeF 


(1.9) 
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where r(a:), for all x £ F, is as in (1.8) with a = 1. For any ^ E (0, vr), let 

(1.10) := {z G C\{0} : |arg 2 :|<;u}. 

For any ball B := {xb^tb) C M"' with xb £ 1^"' and tb £ (0, oo), a £ (0,oo) and j £ N, 
we let aB := B{xb, ckt’s), 

(1.11) Uo{B) := B and Uj{B) := {2^B) \ (2^-^B). 

For any p £ [1, oo), p' denotes its conjugate number, namely, 1/p + 1/p' = 1. 


2 Preliminaries 

In this section, we hrst recall the definition of the Muckenhoupt weights and some of 
their properties. Then we recall the holomorphic functional calculus of L^, as introduced 
by McIntosh [46], and the weighted off-diagonal estimates on balls for Ly^. Finally, we 
introduce the weighted tent spaces and some of their properties. 


2.1 Muckenhoupt weights 

Let q £ [1, oo). A nonnegative and locally integrable function w on M"' is said to belong 
to the Muckenhoupt class Ag(M”’) if there exists a positive constant C such that, for any 
ball B C M”, when q £ (l,oo). 



or, when q = 1, 


(2.2) 1 —- [ w{x) dx < C essinf w{x). 

\B\ Jb 

We also let 

(2.3) Aoo(M") := IJ Aq(M”) 

ge[l,oo) 

and w{E) := J^w{x)dx for any measurable set E C M". 

Let r £ (l,oo]. A nonnegative locally integrable function w is said to belong to the 
reverse Holder class if there exists a positive constant C such that, for any ball 

B C 

{j^^[w^(T)]’’dx} j^w{x)dx, 


where we replace J^[w{x)Y' dx}^/'" by ||rc||Loo(g) when r = oo. 

We recall some properties of Muckenhoupt weights and reverse Holder classes in the 
following two lemmas (see, for example, [26] for their proofs). 
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Lemma 2.1. (i) If I < p < q < oo, then 74i(]R"') C C 

(ii) ^oo(lK.”) := . 

Lemma 2.2. Let q G [l,oo) and r G (l,oo]. If a nonnegative measurable function w G 
Aq{MI‘) n RHriW^), then there exists a constant C G (l,oo) such that, for any ball B C M"" 
and any measurable subset E of B, 


C 


-1 


M 

\B\ 


< 


w{E) 

w{B) 


< C 


M 

\B\ 


2.2 Holomorphic functional calculi for 

Let Lu, be the degenerate elliptic operator as in (1.6) with the matrix A satisfying the 
degenerate elliptic conditions (1.4) and (1.5). By [22, pp. 291-294], we know that is an 
operator of type lo with uo := arctan(A/A) G (0, vr/2) (see [46] for the denfinition), where 
0 < A < A < oo are as in (1.4) and (1.5), and —L^ generates a holomorphic semigroup in 
the sector where (1-10) with p replaced by 7r/2 — u. 

Furthermore, L^j has a bounded holomorphic functional calculus on lf{w, M”) as de¬ 
fined by McIntosh [46] (see also [1, Lecture 4]). We now recall some preliminary definitions. 
For any /r G (0, 7r/2), define 

Hooi'Lyf) := |/ : —)• C is holomorphic and < oo|. 

For any a,/3 G (0, oo), let 

(2.4) 'I/„,^(S0) := |v> G ifoc(S°) : \i^{z)\ < Vz G Soj , 

where C is a positive constant independent of 2 ; G 

Let 4'(S°) := U„_^g(o,cx))^a,/ 3 (S°). For any p G (w, 7r/2) and if G 4'(S°), define 

(2.5) if{L^)-.= ^J^if{C){CI-L^)-^dC, 

where 7 := {re^’' : r G (0, 00 )} U : r G (0, 00 )}, v G (w, p), is a curve consisting of 

two rays parameterized anti-clockwise. 

In general, for any if G FIoo(S°), if{Lw) can be defined by a limiting procedure (see [1, 
Theorem G]). 


2.3 Weighted off-diagonal estimates on balls for 

The notion of weighted off-diagonal estimates on balls was hrst introduced by Auscher 
and Martell in [9]. 

Definition 2.3 ([9]). Let p, q G [l,oo] with p < q, w G Aoo(M"') and {Tt}t>o be a family 
of sublinear operators. The family {Tt}t>o is said to satisfy weighted U^-L^ off-diagonal 
estimates on balls, denoted by Tt G Ow{LP — L^), if there exist constants 61 , 62 G [0, 00 ) 
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and C, c & (0,oo) such that, for any t E (0, oo), any ball B := B^xbjTb) C M” with 
xs G M"’ and G (0, oo), and any / G {w, M"'), 

( 2 . 6 ) 


w{B) 

< c [t 

and, for any j G N Cl [3, oo), 

f 1 


W Ib {x)\'^w{x) dx 


02 ( 1 


f —1 . 

\B/^)\ \w{B)jB 


\f{x)\^w{x) dx 


i/p 


1/9 


[ w{ 2 iB) Ju.{^B) 


\Tt iXBf) ix)\'^w{x) dx 




02 


e ‘ 


w{B) 


'B 


|/(x)|^rc(x) dx 


i/p 


and 


(2.7) 


< (72^'^! 


1/9 


T 


/ 2 irs\ 

V j 


02 


AArgA 
e t 


i/p 


|/(x)|i’ti;(x) dx 


w{2iB) Juj{B) 

where Uj{B) is as in (1.11) and, for all s G (0,oo), T(s) := max{s, ^j. 

The following proposition is just [51, Proposition 1.5]. 

Proposition 2.4 ([51]). Let w G ^ 2 ( 1 ^"') and k G Z_|_. Then, for any <p<q< 
{tL^fe-^^-eO^{LP-L^). 

The following lemma is an analogue of [36, Lemma 2.40], whose proof being omitted. 

Lemma 2.5. Let uj := arctan(A/A), p G (w, vr/2) and ai, cj 2 , ti, T 2 G (0, 00 ). Assume 
thatxf G To-i,ri(S°), if G 'I'o- 2 , 7 ^(S°) and f G 77oo(S°). Then, for any a G (0, min{(Ti, r 2 }) 
and b G ( 0 , mm{fT 2 , ri}), there exists a family of sub-linear operators, {Ts^t}s,t>o, such that 

f/s\“ /t\'^' 

'ifiLw) o fiLw) o i’iLw) = min ' 




where {T's,i}<i,i>o have the following properties: 

(i) There exists a positive constant C, independent of s, such that, for any t G [s, 00 ), 
any closed sets E and F of ME and f G L‘^{w, M”) with supp f (Z E, 

(T 2 +a 


\Ts,tif)\\L'2{w,F) < C'll/lll,°°(E0) 


min < 1 


t 




’ [d{E, FW 

(a) There exists a positive constant C, independent oft, sueh that, for any s G [t, 00 ), 
any closed sets E and F of ML and f G L‘^{w, MT) with supp f Z E, 

cri+b 


\'Es,tif)\\L'^{w,F) < C'II/IIl°°(S0) 


min < 1, 


[d{E, F)]2 


II/IIl 2 (^,e)- 
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2.4 Weighted tent spaces 

Let w G and / be a measurable function on For any x G M”, define 







w{y) dy dt 
w{B{x, t))t 


where r(x) is as in (1.8) with a = 1. For any p G (0,oo), the weighted tent space 
TP{w, M”) is defined to be the space of all measurable functions / on such that 

II/IItp(«),R") := l|d(/)||l,p(ij,,Rn) < oo. 

For any open set O C MT', the tent over O is dehned by 

O := {{x,t) G : dist {x, > t}. 

Let p G (0,1] and w G A measurable function a on is called a {w, p, 2)- 

atom if there exists a ball B of R"' such that 

(i) supp a C B; 

(ii) 

1 

< [w{B)]^~p. 


( 2 . 8 ) 


roo r 

.Jo Jw 


\a{y,t)\‘^w{y)dy^ 


Noticing that, for any w G Aoo(R"'), (R", | • |, w{x)dx) is a space of homogeneous type in 
the sense of Coifman and Weiss [20, 21], the following lemma was proved in [47, Theorem 
1.1], except for the last part concerning the T‘^{w, R”') convergence. By an argument 
similar to that used in the proof of [36, Proposition 3.25], we can show Lemma 2.6, the 
details being omitted. 


Lemma 2.6 ([47]). Let p G (0,1], w G Aoo(R”) and f G TP{w, R”). Then there exist a 
sequence of {w, p, 2)-atoms, and C C such that 


(2.9) 


/ = E^. 

jeN 


:jaj, 


where the series converges in TP{w, R”). Moreover, there exist positive constants C and 
C, independent of f, such that 


C\\f\\TP{w,R^) E 



1/p 


E C'||/||tp(u;,K")- 


Furthermore, if f G T^tw, R”) n T'^iw, R”), then the series in (2.9) converges in both 
TP{w, R”) andT^iw, R”). 


The following lemma establishes the complex interpolation property of the weighted 
tent spaces. Noticing that, for any w G Aoo(R"'), w{x)dx is a doubling measure on R"", 
Lemma 2.7 is just a special case of [2, Proposition 3.18]. Here and hereafter, for any 
9 G [0, 1], [•, ■]o denotes the complex interpolation space (see, for example, [11, Chapter 
4] for the dehnition). 
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Lemma 2.7 ([2]). Let w G Aoo(K"'). Then, for any pQ, pi G [1, oo) and 9 G [0, 1], it holds 
true that 

[TP°{w, M”), TP^{w, M")]e = TP{w, M^), 
where 1/p = 9 /pq + (1 — 9)/pi. 

From [2, Proposition 3.10], we deduce the following conclusion. 

Lemma 2.8 ([2]). Let p G (1, oo) and w G ^oo(lK"')- Then, for any f G TP{w, M"') and 
g G T^' {w, M"'), the pairing 

if, g) ■= [[ f{y, t)g{y, t)w{y) dy ^ 

realizes T^'{w, M"') as the dual space ofTP{w, M”), up to equivalent norms, where l/p + 
1 /p' = 1- 


3 Square function characterizations of (M”) 


In this section, we prove the square function characterizations of (M"') and we 
mainly follow the strategy used in [36]. To this end, we first establish some technical 
lemmas. 

Let w G 742 (M”), u := arctan(A/A), p G (ca, tt/2) and G 'I'(S°). For any / G 
L?{w, M"’) and {x,t) G define 

Qi,,LM){x,t) := 'ilj{t‘^L^){f){x). 


By [1, Theorem F] and a simple calculation, we see that is bounded from Lp‘{w, M"") 

to T‘^{w, M”). For any i/’ G T(S°), F G T^{w, M”) and x G M”, let 

r°° df 

:= / i;{t^L^){F{;t)){x) 

Jo ^ 

Since is the adjoint operator of L^ in L‘^{w, M”), we see that, for any / G L‘^{w, M”) 
and G G T‘^{w, M"’), 


(3.1) 


r (If 

{Qi>,L*M),G)= / Q^^L*M){x,t)G{x,t)w{x)dx— 

Jo Jr" ^ 

= [ [ i’{t^Ll/){f){x)G{x,f)w{x)dx^ 

Jo Jkx ^ 

r°° r _ df 

= / f{x)'i/>{t‘^L,,j){G{-,t)){x)w{x)dx — 

Jo JR" ^ 

= [ f{x)7r^,L,,{G){x)w{x)dx =: if, TT^^L,,iG))r 

jR" 


This, together with the fact that Qtp,L^ is bounded from L‘^{w, M”) to T^{w, M”), implies 
that is the adjoint operator of and bounded from T‘^{w, M”') to L'^{w, M*^). 
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For any ip, ip & / e i/oo(S°), F £ T‘^{w, M") and {x,t) € M”, define 

Qf{F){x,t) := f o'iP:^^^^{F){x,t) 

■= j 'tPit'^L^) {^f{Lv,)ip{s^L^){F{-, s))) {x) 

From the above argument and the fact that has a bounded holomorphic functional 
calculus, it follows that is bounded from T‘^{w, M”') to itself. Moreover, by Lemmas 
2.7 and 2.8, we have the following conclusion, which is an analogue of [36, Proposition 
4.4]. 

Lernma 3.1. Let w G ^ 2 ( 1 ^"'): ^ ■= arctan(A/A) and // G (w, tt/ 2). Then, for any 
Ip, Ip £ and f £ iLoo(S°), the operator := ° f ° is bounded from 

TP{w, M”) to itself if _ 

(i) p £ ( 0 , 2 ], Ip £ and ip £ or 

(ii) p £ ( 2 , 00 ), Ip £ and ip £ 

where a £ (0, 00 ) and /3 G (n(max{i, 1} — i), 00 ). 

Proof. We first prove Lemma 3.1 in case p £ (0, 1]. By Lemma 2.5, we see that, for any 
a £ (0, a), b £ (0, /3), F £ TP{w, M”) and (x, s) G M++\ 

(3.2) Qf{F){x,s) = min|(^|) ,0^ | r ^2 42 (F(-, t))(x) y, 

where the family {rs,t}s,t>o of sublinear operators has the following properties: 

(i) For any t £ [s, 00 ), any closed sets E and F of M” and g £ Lf{w, M”) with supp g C 

E, 

N - P+a 

(ii) For any s £ [t, 00 ), any closed sets E and E of M” and g £ L‘^{w, M"') with 
supp g C E, 

Fix b £ (n(max{i, 1} — i), 00 ) and choose a constant 

M G (n[max{l/p, 1} — 1/2], minjo; + b, ft + a}). 



,E)r^ 


a-\-b 


\L‘^{w,E)‘ 


(3.3) \\Ts,t{g)\\L^{w,F) 


L-(SO) 


min < 1, 


[diE, 


Then, from (3.3) and (3.4), it follows that, for any s, t > 0, any closed subsets E and E 
of M” and g £ L‘^{w, M”) with supp g C E, 


(3.5) 


Es2^t‘^{g)\\L^(w,F) ^ II/IIl°°(E0) 


min 


max{s^, t^}\ 
[d{E, F)]2 /_ 


\\9\\l^{w,e)- 
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It is easy to see that T‘^{w, M”) n T^{w, M"') is dense in TP{w, M”) (see the proof of 
[36, Proposition 3.25]). By this, we claim that, to prove Lemma 3.1 in case p € (0, 1], it 
snffices to prove that, for any {w, p, 2)-atom A, 


(3.6) 


QHa) 


Tp{w,R'^) 


< 1 . 


Indeed, from Lemma 2.6, we deduce that, for any F G T‘^{w, M”) r\TP(w, M”), there exist 
a sequence of {w, p, 2)-atoms, and {Aj}jgN C C such that 


(3.7) 


F = Y^ XjAj in T\w, M") n TP{w, 
leN 


and 


(3.8) 


Ei-'ii 

jeN 


i/p 


|F| 


LP(io,R")- 


For any N £ N, let Sn ■= (3-7) and the fact that is bounded on 

T‘^{w, M"’), we know that there exists a subsequence of {Sn}ngn (without loss of gen¬ 
erality, we use the same notation as the original sequence) such that, for almost every 
{y, t) G {Sn){Vi t) = Q^{F){y, t). From this, (3.6) and (3.8), it follows 

that 


jL 1 


Q^F) 

< 

rp(io,R") 

OO 

E 

_I=i 

QHAj) 

p 

TP{w,R") 

P 

< 

1-1 

a. 

1_1 


IP’I 




which is the desired conclusion. 

Next, we prove (3.6). For any {w, p, 2)-atom A, there exists a ball B := B{xB,rB) 
of M"", with xb G M” and vb G (0, oo), such that supp A C B. Let Si{B) := 2B and 
Sj{B) := 2^B \ 2J~^B for j G N n [2, oo). It is easy to see that = iJjLiSj{B). Next, 
for j G N, we estimate llXg^^) Tp(w, R'^) • 

When j = 1, it is easy to see that, for any (y, t) G 2B, {x G M” : |x — y| < f} C 3B. 
From this, the fact that p G (0, 1], the Holder inequality. Lemma 2.2, the fact that is 
bounded on T‘^{w, M"') and (2.8), it follows that 



r(x) 


X^Q^{A)'J {y,t) 


w{y) dydt 
w{B{x, t)) t 


-I E 

2 


w{x) dx 




[w(3B)]l 2 

T2(io,R") 

1 1 
p 2 < 


MB)]^ 


X^Q^{A) 


rp(io,R") 
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When j e Nn [2, oo), it is easy to see that, for any (y, t) € Sj{B), {x € M"" : \x — y\ < 
t} C By this, the fact that p € (0, 1], the Holder inequality, the Fubini theorem 

and Lemma 2.2, we conclude that 


(3.9) Xg 


TP(u;,R") 


hi+^B 


T{x) 




w{y) dy ds 


-I P 

2 


w{B{x, s)) s 


w{x)dx 


< 


< 

rsj 


2J+1B J Jr{x) 

i- 

/ / 

Jo ^ ^ 


^sj{b)Q (y’«) 


w{y) dy ds 
w{B{x, s)) s 


w{x) dx > [w{2^~^^B)] r 


1 j. 
2 


2 ds 

1 

2 

|•23rB f 


w{y) dy — 

+ 

/ / ••• 

< 

s 


J2J-lrB JR" 

1 


X2^”'-?(p 


p 2 


= : {I + II}2 


2"--?(p 2'>\an(n)]p 2 


For II, from (3.2), (3.5), the Minkowski inequality and the Holder inequality, we deduce 
that 


(3.10) H = 


/■s-’Vfl i- 


r, 2 ,, 2 (H(.,t))(x)- 


w{x)dx — 
s 


/ t /• 2 Jf’s r .9 ds 

i Lxs^iB)i^,s)\T, 2 ^MA{;t))ix)\ w{x)dx 


< 


2J-lrs JR" 


T 


rrs 

Jo 


23 rs 


2 b 


dt 




< 

rvj 




^“23X3 
1 1 


< [u;(H)]2-?2-2^L 

For I, by (3.2) and the Minkowski inequality, we have 

y.2^-lrs 

(3.11) I = 


-vb r 

JO JR" 


X 


t(;(x) dx 


< 


r^'B ^ 

/ il}{s‘^L^)f{Lu,)il;{fLu,){A{-,t)){x) 

JO 

JO JR" > s 


^ dt 
t 
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46 


dt 

T 


rvB r2J -rs r 

Jo Jt JR" \sj 

= :Ii+l 2 . 

For Ii, by (3.5), the Holder inequality and (2.8), we see that 

2M 


(3.12) 


Ii < 



\ 1 

L [JJ-i) 

_{ 22 rB)\ 


II A / \ I I 9 I 


1 


(2i7-^)2M 
< _ \ _ 


I \\A{;t)\\LHn,,B/^ J 
rrs r 

/ / \A{y,t)\'^w{y)dy— 

Jo JB t 


1 

2 

r r^B 1 


/ t^^-ut 


Jo 


Similarly, we see that 


(3.13) 


h < 


r\(— 

Jo \‘2'^rB 


26 


+ 


, ,^) 

22rB J \22rBj 

< + 2 - 2 ^^') [u;(H)]^-^. 


2M' 


ll^(•)^)llL2(«;,B) y 


From (3.9), (3.10), (3.11), (3.12), (3.13) and the fact that M > n(max{|, 1} — i), we 
deduce that, for any {w, p, 2 )-atom A, 


Q^A) 


TP(io,R") 


< 1 , 


which completes the proof of Lemma 3.1 in case p E (0, 1]. Since we already known that, 
for any F E T'^{w, M”), 


QHf) 


< IIFI 


r2(io,R")) 


T2(io,R") 

then, by Lemma 2.7 and the well-known property of interpolation spaces (see, for example, 
[11, Theorem 4.1.2]), we hnd that, for any p E (1, 2] and F E TP{w, M”), 


QHf) 


rp(io,R") 


< IITI 


TP(«;,R")- 


This proves Lemma 3.1 in case p E (1, 2]. 

By the above argument and the duality, it is easy to prove Lemma 3.1 in case p E (2, oo). 
This finishes the proof of Lemma 3.1. □ 


We have the following Calderon reproducing formula. 

Lemma 3.2. Let w E H 2 (K"'), u := arctan(A/A) and p E (w, 7 r/ 2 ). For any Jj, J € dl'(S°) 
satisfying if{t^)il){t^) ^ = 1, and any f E LJ{w, M”), it holds true that 

o ° = f in L^{w, M”). 
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Proof. By a simple calculation, we see that, for any z G 


r j = r j 

Jo ^ Jo ^ 


= 1 . 


By (2.5) and the properties of holomorphic functional calculi (see [1, Lecture 2]), we see 
that 

= f '4>{t'^z)^{t'^z){zl - Lw)~^ dz, 

Ji 

where 7 := : r G ( 0 , 00)} U {re“®^ : r G ( 0 , 00)} and iz G {to, fr). Hence, 

/■oo _ 

Jo ^ 

r°° r ~ df 

= / fjif z)'ilj{t^z){zl - dz— 

Jo J'i * 


°° 2 \ 7/4.2 ' ■ 


□ 


'ip{Pz)'ip{Pz)—{zl — Lw) ^ dz = {zl — Ly^) '^dz = I. 

I'I JO ^ J'y 

By changing the roles of '0 and if, we obtain o = I- This hnishes the proof of 

Lemma 3.2. ~ 

For w G H 2 (ffi"'), oj := arctan(A/A) and pi G (ca, vr/2), let 

/L(S0) := {/ G i^oo(S°) : f{t) = 0 for all t G (0, 00 )}. 

Remark 3.3. For any if G 'I'(S()) \ iL(S()) and z &Tfl,hy taking 


if{z) := 


2if{z) 




we hnd that 


1*00 ^ 

/ if{t^)if{t^ 
Jo 


dt _ 2 ^^\if{er<^ 


= 1 . 


Thus, if and if satisfy the assumptions of Lemma 3.2. 

Definition 3.4. Let w G H 2 (M"'), oj := arctan(A/A) and pi G (cu, 7r/2). Let 

(i) p G (0, 2] and if G T„,/3(S0), or 

(ii) p G (2, 00 ) and if G T/ 3 ,„(S°), 

where a G (0, 00 ) and (3 G (n[max{|, 1} — i], 00 ). The Hardy space is defined 

as the completion of the space 

{/ G L^{w, M") : G TP{w, M")} 

with respect to the (quasi-)norm 


\\Q77wif)\\TP(w,R^)- 
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Lemma 3.5. Let w € ^ 2 ( 1 ^"'), ^ '■= arctan(A/A) and G (a;, 7r/2). 

(i) Let p G (0, 2] and 'ip, -00 S or p & (2, 00 ) and ip, V’o G where 

a G (0, 00 ), /3 G (n[max{|, 1} — ^], 00 ) and ip, ipo ^ Tden i/iere exists a positive 

constant C such that, for any f G 

(3-14) \\Qtij,L,„if)\\Tp{w,m.^) < CWfWffP^ 

(ii) Let p G {0, 2], Ip G and ipQ G or p G (2, 00 ), ip G and 

ipQ G where a G (0, 00 ), (5 G (n[max{4, 1} — |], 00 ) and ip, ipo ^ Then 

there exists a positive constant C such that, for any f G TP{w, M"'), 

(3-15) ^ C'll/llrp(io,R")- 

Proof. We first prove (i). If p G (0, 2] and ip, ipQ G choose a function ipQ G 

such that ipo{t'^)ipo{t'^) ^ = 1- Hence, by Lemma 3.2, we know that, for any 
/ G L‘^{w, R"), 

f = ^fio,L,.°Q'Po,LM) mL‘^{w,R^). 

From this and Lemma 3.1(i), it follows that, for any / G L‘^{w, R”) n ^ (R”), 
\\Qip,L,nif)\\TP{w,R^) ~ \\Qip,L,n ° ° Q'<Po,Ln,(.f)\\TP{w,R^) 

^ IIQV'0,C»(/)llTP(to,R") ~ II/IIrp^^^^(R")- 

Since L‘^{w, R”) n ^^(R"") is dense in ^^(R""), we obtain (3.14) in this case. If 
p G (2, 00 ) and ip, ipQ G 4'^ q(S°), by Lemma 3.1(ii) and an argument similar to that used 
above, we hnd that (3.14) also holds true. 

Next, we prove (ii). lip G {0, 2], ip G 'I'y 3 ^„(S°) and ipQ G 'I'q,^^(S°), from Lemma 3.1(i), 
we deduce that, for any / G TP{w, R"’) n T‘^{w, R”), 

IK^,Lu,(/)|Ih^^ ~ lIQboAu, °'^V’.w(/)IItp(«),R") ^ ll/llrp(io,R")- 

Since TP{w, R"') n T‘^{w, R”) is dense in TP{w, R"'), we obtain (3.15) in this case. If 
p G (2, 00 ), Ip G 'I'„^y 3 (Sj)) and ipo G 4'^^ct(S°), similarly, by Lemma 3.1(ii) and a density 
argument, we find that (3.15) also holds true in this case. This finishes the proof of Lemma 
3.5. □ 

Proposition 3.6. Let p G (0, 2], w G H 2 (R”), uj := arctan(A/A) and p G {oj, vr/2). For 
any ip G 4'q,^^(S°) \ KiTfjf), where a G (0, 00 ) and j3 G (n[max{4, 1} — 4], 00 ), Fl£^(R") 
and coincide with equivalent quasi-norms. 

Proof. Take ipo{z) := ze~^ for any z G S°. It is easy to show that ipo G 'I'c^y 3 (S°) with 
a G (0, 00 ) and /3 G (n[max{4, 1} — 1], 00 ). Then, from Dehnition 1.2 and (3.14), we 
deduce that, for any / G G\L‘^{w, R”), 

II/IIr^ = IIQv’,w(/)llrp(io,R'*) ^ ~ 
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which implies that 


(3.16) 


[HljR^)nL\w, M")] C 


H: 


i>,Lu 


R") 


Next, we prove the reverse inclusion. To this end, we only need to show that, for any 


/Gi/;_^jR-)nL2(a;, R-), 


Hi 


< 


Hi r 
'^,Lu 


Choose a function '0 G such that ^ = 1. Then, by Lemma 3.2, 

we know that, for any / G L?‘{w, R”), 

° = / in R”). 

This, together with Lemma 3.1(i), implies that 

^ \\Q->Po,lJ\tp{w,R^) ~ \\QiPo,L^ ° ° QiI},L^U)\\tv{w,MP) 

^ \\Qip,L^if)\\TP{w,R") ~ II/IIh^ (R")- 


Therefore, 


n L\w, R-)j C n L\w, R-)] . 


This, together with (3.16) and a density argument, then hnishes the proof of Proposition 
3.6. □ 

Proposition 3.7. Let p G (2, oo), w G ^ 2 (R"'); '■= arctan(A/A) and p G (cu, 7r/2). For 

any ip G \ where a G (0, oo) and j3 G (n[max{|, 1} — i], oo), Lf£^(R”) 

and coincide with equivalent norms. 

Proof. We hrst prove the following inclusion: 


(3.17) 


^■>P,Ln 




Take a function ip G 'I'q,^, 3 (S°) such that 'ip{t‘^)'ip{t^) y ~ Then, for any / G 
L'^{w, R”) n and g G L'^{w, R”) n if£* (R”), by Lemma 3.2 and (3.1), we 


conclude that 


/ f{x)g{x)w{x)dx= -Kr,oQ^^L^(f){x)g{x)w{x)dx 
JR" JR" 

r°° r _ dt 

= / Q^,LM){x,t)Q:7 ^.,{g){x,t)w{x)dx—. 

Hence, from this. Lemmas 2.8 and 3.5, and Proposition 3.6, it follows that 

/ f{x)g{x)w{x)dx < ||Qv'T»(/)IItp(«;,R")IIQ^i,* (£i)llrp'(t« R") 

Jr" 
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This, together with a density argument, implies (3.17). 

Next, we prove the reverse inclusion of (3.17). Take a function -0 G T/ 3 _q,(S°) with 
a G (0, oo) and (3 G (n[max{|, 1} — i], oo). Then, for any F G T^' {w, M”), by Lemma 
3.5 and Proposition 3.6, we obtain ||vr^,Lj,(-P)||^p' which implies 

G For any I G (77](1 (M”))* and F G T^'{w, M”), define 

(f, F) :=l{7r^^LtiF)). 

Then we find that, for any F G T^'{w, M”), 


\{l, T)| < (Rri'jy\\^1p,Lt,F\\ (Kn))* 

F-w F-nj 

This implies I G {TP'{w, M”))*. Since {Tp'{w, M”))* = TP{w, M”) (see Lemma 2.8), we 
know that there exists a function Gi G TP{w, M”) such that, for any F G T^'{w, M”), 

/■°o r _ fIriF 

(3.18) {I, F) = I {7r^,Li,{F)) = / / F{x,t)Gi{x,t)w{x) = {F, Gi) 

Jo Jmx- ^ 

and 


(3-19) ||G'z||tp(«;,K") ~ (R'*))*' 

Choose a function G with a G (0, oo) and (3 G (n[max{|, 1} — i], oo) such 

that V’(^^)V’(^^) Y ~ Lemma 3.5, we have 

(3-20) ~ II^HIrP(«;,R")- 

Next, we prove that, for any / G iL?* (M""), 

(3.21) f f{x)Trr^ {Gi){x)w{x)dx = l{f) 

and 


(3.22) 


vr 




(Gz)!! 


H 






Since T‘^{w, M”') n TP{w, M”) is dense in T^{w, M”'), by (3.1) and a density argument, 
we conclude that, for any / G Lp‘{w, M"') n i7£* (M”), 



(Gi)(x)w(x) dx 


f i (/)(3;T)G'z(a;T)w^(a;)rfa:^ 
Jo Jr- “ t 

(Qu-Jf)’ O,) 
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which, together with (3.18) and Lemma 3.2, implies that, for any / £ 1^”) H 

= I (vrv,,L,„ o = /(/)■ 

By the fact that L‘^(w, (R"') is dense in LI?* (R""), we obtain (3.21). From (3.19) 

and (3.20), it follows that ^ II^II(h< (r™))*• % (3.21), we further 

see that Therefore, (3.22) holds true. This implies 

that 

= (iJ'. (R”))'c 

which, together with (3.17), then completes the proof of Proposition 3.7. □ 


4 Proof of Proposition 1.5 


In this section, we show Proposition 1.5. 

Let w £ 742(R"'). For any /c £ N, / £ L?{w, R”) and x £ R”, define 





{f){y) w{y) 


dy dt 
w{B{x,t)) t 


1 

2 


Noticing that, for any w £ 42(R"'), w(x) dx is a doubling measure on R”, by Proposition 
2.4 and [14, Theorem 2.13], we know that, for any given p £ (;^^, ;^^)) there exists a 
positive constant C such that, for any / £ LP{w, R”), 


(4-1) ll‘S'L*„,fc(/)||l,p(ii,,R") < C'll/lll,P(«;,R’^)- 

Proof of Proposition 1.5. For p £ (;^, by Propositions 3.6 and 3.7, we see that 

L'^{w, R"’) n (R”) is dense in (R"'). Since L‘^{w, R”) n LP{w, R”) is dense in 
L^{w, R”), to prove Proposition 1.5, we only need to show that 

(4.2) [L^{w, R”) n LL^^(R”)] = [L'^iw, R”) n LP{w, R”)] 

and, for any / £ L‘^{w, R”) fl L'p{w, R”), 


(4.3) 


ll/llfl'£^(R'*) ~ II/IIlp(«;,R'»)- 


For any /c £ N with k > n(max{4, 1} — 4), take ifiz) := z^e ^ for all z £ 
From (2.4), it is easy to see that, for any a £ (0, oo), if £ Tfc_Q,(S^). Then, for any 
/ £ L‘^{w, R"') n LP{w, R”), we have 


(4.4) 





\ijj{t^L^){f){y)\^ w{y) 


dy dt 


w{B{-,t)) t 


LP(io,R") 
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~ IIlp(u), R") ^ II/IIlp(ui, R") ■ 

On the other hand, taking an appropriate £ 'k(S^) and using (3.1), Lemmas 3.2, 2.8 
and 3.5, Propositions 3.6 and 3.7, we conclude that, for any / £ L^(u;, M”) n 
and g £ Lp'i'w, M”) 0 LP{w, M”) with ||5'llLp'(^„,Kn) = 1, 


/ f{x)g{x)w{x) dx 
4r" 


/ o lM)(^)9{x)w{x) dx 

Jr" 


< 

rsj 

rP(io,R") TP'[w, 


^ ll/llR£^(R")lbllLp'(io,R") ~ II/IIr£^(R")' 

This implies ||/||i,P(^,Mn) < \\f\\Hl^(Rr^y By this and (4.4), we obtain (4.2) and (4.3), 
which then completes the proof of Proposition 1.5. □ 

5 Proof of Proposition 1.6 

In this section, we show Proposition 1.6. To this end, we first establish some technical 
lemmas. 

Lemma 5.1. Let w £ ^ 2 ( 1 ^"')- For any 6 £ (0, 1) and pq, pi £ [1, oo), 

[<JR"). PfrjR”)]„ = HIJEJ'). 

where 1/p = (1 — 6 )/po + O/pi- 

Proof. It is easy to see that and H//^(MF) are compatible, namely, and 

H^jf (M") are subspaces of (M"’) + Hff (M"’) endowed with the norm 

(K") 

:=inf{||/o||^Po^(«„) + ||/i||^p^(„„): /o +/i =/, /o £ 77fjK"), /i £ i7fjM")} , 

and n is dense in i7f^(M'^), i £ { 0 , 1 }. 

By Lemmas 3.5 and 3.2, we know that, for i £ {0, 1} and suitable if, if G 'L(S°), 
is bounded from to TP'{w, M”), is bounded from T^^{w, M”) to 

and oQv’Tu- = I on (M"’). This implies that {H/f (M"'), (M"')} is a retract of 

{TP°{w, M"), TP^{w, M”)} (see [38, p. 151] for the definition). Since i £ {0, 1}, 

is a Banach space, we know that Hf/ (K”), i £ {0, 1}, is analytic convex (see [38, p. 145] 
for the definition). 

Hence, from the above argument, [38, Lemma 7.11] and Lemma 2.7, it follows that, for 
some suitable if £ 'I'(S°), any 6 £ (0, 1) and 1/p = (1 — 9)/po + 0/pi, 

[HlliR-), {[TP^iw, M"), TP^iw, M")],) 

= M-)) = 77£JM-). 


This hnishes the proof of Lemma 5.1. 


□ 
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The following lemma is an analogue of [25, Lemma 2.10]. 

Lemma 5.2. Let E and F be two closed sets o/M"'. Then there exist positive constants 
C and c such that, for any t G (0, oo) and f € L‘^{w, R”) with supp f C E, 

(5-1) ||e < Ce ct \\f\\L^(^w,E)^ 


(5.2) 


\\y/tVe *'^’"(/)||L2(,i),F) < C'e ||/||l2(^„^£:) 


and, for any t G (0, oo) and f := (/i, ..., /„) with fi G Lp‘{w, R”), supp fi C E, 
i G {I, ..., n], 


(5.3) 




1 


w 


div iwf) 


L‘^{w,F) 




Proof. Noticing (5.1) and (5.2) have been proved, respectively, in [22, Theorem 1.6] and 
[51, Proposition 2.7], to prove Lemma 5.2, we only need to show (5.3). 

Indeed, for any g G L‘^{w, F) with supp g C F and \\g\\L^[w,F) = 1) by the Holder 
inequality and (5.2), we have 




w 


— dw{wf) I {x)g{x)w{x) dx 


< 


[ Vi —^ div(rc/)(x)e {g){x)w{x) dx 
Jr- w[x) 

/ Viw{x)f{x)-Ve~^^^{g){x)dx < / l/(x)l ViVe~^^^ {g){x) w{x)dx 

Jr- Jf 

[ ViVe-^^-{g] 

_Jf 


2 

2 

w{x)dx 



\f{x)\‘^w{x) dx 


1 

2 d(E,F)^ 

ct \\f\\L2(w,F)i 


which, together with a dual argument, further implies that (5.3). This hnishes the proof 
of Lemma 5.2. □ 


By Lemma 5.2, we obtain the following lemma. 

Lemma 5.3. Let m G N and E, F be closed sets o/R"'. Then there exist positive constants 
C and c such that, for any t G (0, oo) and f = (/i, ..., /„), with fi G Lp‘{w, R”), 
supp fi<zE,iG{l, n]. 


VtVLfV'^ (/ - (- dw{wf) 

\w 


< C 


L^{w,F) 


[d{E, FV 


2 \ -(™+5) 


\\f\\L^{w,F) 


and 


ViV (VL-V 2 


L^{w,F) 


< C 


nd{E, FV 


2\-i^+h) 


L^{w,F)- 
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The proof of Lemma 5.3 is a complete analogue of that of [34, Lemma 2.2], the details 
being omitted. 

The following local weighted Poincare inequality is just [31, Theorem (1.2)]. 

Lemma 5.4 ([31]). Let n > 2. For any given p € (1, oo) and w £ Ap(R"'), there exist 
positive constants C and 6 such that, for any ball B = B{xB,rB) ofEF with xb £ R” and 
rB £ (0, oo), any Lipschitz continuous function u on B, and any number k £ [1, + (^); 


w{B) 


/ \u{x) — ub\^^ w{x) dx 

Jb 


kp 


<CrB 



\Vu{x)\^w{x) dx 


1 

p 


where 


(5.4) 


UB := 


1 

w{B) 



dx. 


Let w £ 2loo(R"'). For any p £ (0, oo), the weighted weak-L^ space R"") is 

defined as the set of all measurable functions / on R”’ such that 

\\f\\LP.^{w,M^) ■= sup a [w{{x £ R” : |/(x)| > «})]?> < oo. 

Q!G(0, co ) 


For R"'), we have the following Fatou lemma (see [32, Exercise 1.1.12] for its 

proof). 

Lemma 5.5. Let w £ 74oo(R”’) and p £ (0, oo). Then there exists a positive constant 
C[w,p)> depending on w and p, such that, for all measurable functions {gk}'^=i on R”, 


liminf Ifiifcl 

k—^oo 






By Lemmas 5.2, 5.3 and 5.4, we obtain the following theorem which establishes the 

_ 1 /q 

boundedness of Riesz transform on L'^{w, R""). Theorem 5.6 is an analogue of [34, 

Theorem 1.2]. 

Theorem 5.6. Let p := and w £ 742(R"'). Then there exists a positive constant C 
such that, for any a £ (0, oo) and f £ LP{w, R”), 


(5.5) '«;(^|x£R”: VLj/‘^{f){x) > a^j < ^ \f{x)f‘w{x)dx. 


Moreover, for any given q £ {p, 2 ], there exists a positive constant C such that, for any 
f £ L<i{w, R"), 


VL-V2(/) 


L'J(io,IR'i) 


< C\\f\\L<i{w,R^)- 
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Proof. To prove Theorem 5.6, by the Marcinkiewicz interpolation theorem and a density 
argument, we only need to show, for any / S L‘^{w, M”) n U\w, M”), (5.5) holds true. 
Indeed, since M”) n LP{w, M”') is dense in LP{w, M"), we know that, for any / G 

LP{w, M""), there exists a family of functions, {fk}k&n C L'^{w, M”) n LP{w, M”), such 
that limfc^oo ll/fc - f\\Lp{w,R^) = 0. Thus, {fk}km is a Cauchy sequence in LP{w, M”). By 

(5.5) , we know that {VLu, ' (/fc)}fceN is a Cauchy sequence in measure rc(x) dx. From [32, 
Theorem 1.1.13], it follows that there exists a subsequence of {S/Lw ^ {fk)}keN (without 
loss of generality, we may use the same notation as the original sequence) such that, for 
almost every x G limfc_j.oo ' {fk){x) exists. For almost every x G M”, let 

VL-^/\f)ix) := hm VL-^/\fk)ix). 

K —>-00 

_^ /2 

It is easy to see that VL^ ' (/) is well defined. By Lemma 5.5, we further find that, for 
any / G LP{w, M""), (5.5) holds true. 

Next, we prove that, for any / G L'^{w, M") C LP{w, M"’), (5.5) holds true. To this end, 
for any / G R"") and x G R”, let 

(5.6) M^{f){x) := sup—j— [ \f{y)\w{y)dy, 

B^x w{B) Jb 

where the supremum is taken over all balls containing x. For any / G L^{w, R”) n 
LP(w, R"'), by the generalized C alder on-Zygmund decomposition [48, p. 17, Theorem 2] 
and its proof, we know that there exist positive constants C and N such that, for any 
a G (0, oo), there exist a collection of balls, := {B{xk, ^’fc)}^! of R” with 

xb S R"" and G (0, oo), a family {bk}^i of functions and an almost everywhere 
bounded function g such that the following properties hold true: 

OO 

(5.7) f[x)=g{x) + E bk{x) for almost every x G R"'; 

k=l 

(5.8) E Ca for almost every x G R""; 

j. 

P 

< Ca\ 


(5.9) supp bk C Bk, 


' Bu 


bk{x)w{x) dx = 0 and 


_w{Bk) Jb^ 


\bk{x)\Pw{x) dx 


(5.10) 


OO 

E 

k=l 


w{Bk) < Ca 


-p 


/ 

Jw 


\f{x)\Pw{x) 


dx\ 


< N. 

k=l 


(5.11) 
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Let b := ^k- By (5.7), we have 


(5.12) 


({^ 


w ( <! X G M : 

< td ( <! X G M" 


VL-^/\f){x) 


> 2>a 


}) 


({= 

({^ 


+ii; M a; G 


VL-^/\g){x) >«}) 
VL-^/'^{b){x)\ > 2a}) =:I + II. 


We first estimate I. By the fact that is bounded on L?‘{w, M”) (see [25, Theorem 

1.1]), p = < 2, (5.8), (5.9), (5.10) and (5.11), we see that 


(5.13) 


I < 


a^ 


< 

~ aP 

<J- 


< 

~ aP 


^Lj/‘^{g){x) w{x)dx<^[ \g{x)\‘^w{x)dx 

Jm- 

^ / \gix)\Pw{x)dx 
jR" 

\f{x)\Pw{x)dx + ^[ |6fc(x)|^t(;(x)(ix I 

k=iJB, J 

\ [ \f{x)\Pw{x)dx. 
jR" 


Next, we prove 
(5.14) II := tc ("|x G 


vl: 


)^/2(6)(x) > 2a|) < ^ / |/(x)|Pu;(x)dx. 
J / aP jRn 


We claim that, to prove (5.14), it suffices to show that there exists a positive constant 
C'(^ p), depending on w and p, such that, for any a G (0, oo) and G N, 


(5.15) 


w 


X G 


N 


VL-V2 ^6, 


\k=l 


> 2a 


< 


a 


{w,p) 

aP 


I 


|/(x)|^u;(x) dx. 


Indeed, for any / G L^(tc, M"") n LP{w, M”), by the proof of [48, p. 17, Theorem 2], it 
is easy to see that b = limAr_).oo ™ K""). Let Sn '■= Ylk=i^k- By the 

fact that is bounded on L‘^{w, M”’), we know that there exists a subsequence 

of {S/Lw ' {Sj\f)}N=i (without loss of generality, we may use the same notation as the 
original sequence) such that, for almost every x G M”, 

hm \/L-^/\SN){x)=VL-^/\b){x). 

N^oo 


By this. Lemma 5.5 and (5.15), we see that 


a^w 

[^{x G : 

VL-V2(5)(x) 

> 2aj 

< 

VL-i/2(5) 

p 

lim 


LP’°°{w,R'^) 

N^OO 


VL-V2(5^) 


p 

LP’°°{w,'R”) 
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< liminf 

W—>-oo 




< 




/ \f{x)\Pw{x)dx, 


which implies (5.14). 

_ 1 /o .. 

Next, we prove (5.15). Let T := VLw ' . Fix some m € N satisfying m > For any 
A: e N, let := r(/ — ;= 25^ , where := and G (0, oo) denotes 

the radius of For any G N and almost every x G M"', we write 


Af 


TV 


TV 


r(Siv)(x) = J]r(6fc)(a:) = ^rfc(6fc)(x) + J](r-rfc)(6fc)(x). 


fc=i 


fc=i 


fc=i 


Hence, 

(5.16) 


w {{x G M” : |r( 57 v)(Tc)| > 2a}) 

TV 

< u; I { X ^ 


+w < X G 




k=l 


> a 


Y.^k{bk% 

;=1 
N 

Y,iT-n){bk){x) 

4y,d' 

J2{T-n){bk){x) 


> a 


w l < X 


N 


TV 


Y.n{bk)(x) 


k=l 


> a 


k=l 


> a 


+w G R"- 

= :IIi+Il 2 + Il3. 

We hrst estimate IIi. By the fact that w G A 2 (M”), Lemma 2.2 and (5.10), we see that 


(5.17) 


III < 


N TV 

^ / \fixWw{x)dx. 

OL^ /TOn 

k=l k=l 


For II 3 , by the Chebyshev inequality and the fact that T is bounded on L‘^{w, M”), we 
have 


II 3 = re < X G 


[I - {I - (bk)^ (x) 


> a 


< _ 

r\j 9 


N 




i’k^w '\'fTL 


r) ih) 


k=l 


L^{w,'MX) 


From this and the fact that 


I _ ^ I _Y^ 

1=0 


m / \ m 


O j^k^w — 


E 

J = 1 


3 j^k^Vi 
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where (”*) denotes the binomial coefficients, it follows that 


(5.18) 


IIs < 


- m 

q ,2 


i=i 


N 

E' 

k=l 




ihk) 




For any k, I ^ N, let S{1, k) := \ 2^7?^ and 5(0, k) := 23^. For any h G L‘^{w, R"") 

with ||/i||i 2 (^^Rn) = 1, let := hxs{i,k)- Then, for any j G {1, ..., m}, from (5.9), the 
Holder inequality, Lemmas 5.4 and 5.2, we deduce that 


N 


e (6fc)(x)/i(x)u;(a:) dx 


g-jtkL, 

k=l 
N oo 

y'y' / hk{x)e~^^*‘^*'-{h(i^k)){x)w{x)dx 

k=l l=Q 

N OO ^ r 


fc=l /=o 
oo 

£EEiI'>‘II 

k=l1=0 
N oo 




'w{x) dx 


LP{w, Bk) 




3 j^k^u 


S“EE[ t(;(Hfc)]r [u;(Hfc)]F' 2 ||V4Ve ^^’‘^*^{h(^i,k)) 


k=l1=0 
N 00 


Lp'(w,Bk) 


„ 1 [d(S(i,fc),Bfe)]^ 


(«,fc)llL2(^„,5(Z^fc)) 


/c=l /=0 

N 00 

fc=l 1=0 


26 


-c4‘ 


L^{w, S{1, k ))) 


where {e~^^'^^™{h[i^k)))Bk is as in (5.4) with u replaced by e“-^*'=^™(/i(; fc)) and B replaced 
by Bk- By this. Lemma 2.2, the Kolmogrov lemma (see, for example, [26, Lemma 5.16]) 
and the fact that ||h||^ 2 (^ jjn) = 1, we have 


N 


6 {bk){x)h{x)w{x) dx 


k=i 

N 00 

S“EE[»"(®‘)i"«”'‘ii'‘iii=Ksft'=)) 

k=l /=0 

N 00 


k=l1=0 
N 


1 -c4* 


26 


W 


( 2 ^+^Bk) 


w{2’‘+^Bk) J2^+lBk 


\h{x)\‘^w{x) dx 


< 




a'Y^w{Bk) es|mf [M^(|/ip)(y)] ^ ^^6 ‘^'^2 


nl 


k=l 


1=0 
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^ r i 

-“XI/ essinf [M^{\h\^){y)]^ w{x)dx 


< 


< 


< 


a 


f [M^{\h\‘^){x)]^ w{x)dx 

Ju?° 


a 


^k=iBk 
oo 


W 


\k=l 


11^1 


1 

211 2 




< 


a 


w 


\jBt 


\k=l 


where is as in (5.6). This, together with (5.10) and (5.11), implies that, for any 
j G {1, ..., m}. 


N 

E' 

k=l 


> j^k^u 


ih) 




< 

^ aP 


^ [ \fixWw{x)dx. 


By this and (5.18), we know that 

(5.19) II 3 < ^ / \f{x)\Pwix)dx. 

aP jR" 

Next, we estimate II 2 . For any G N, let := . Then it is easy to see 

that 


112 < —2 


N 


Y.^k{bk) 


(5.20) 

L^w,E-^) 

For any /c G {1, ..., N}, let be the adjoint operator of T^, namely, 

r,* = (vL-V 2 

For any h := {hi, ..., hn) satisfying ||h||i 2 (^^Rn) := WlY.'i \hi?]^''^\\L^iw,M.^) = 1 with 
supp hi C E^, i G {1, ..., n}, any / G Z+ and A: G {1, ..., N}, let := hxs{i,k)- 

Since, for any A: G {1, ..., m} and i G {1, ..., n}, supp hi C E*j,j and E*j,j C {B^)^ , we see 
that h(o, fc) = 0. From this, the Holder inequality. Lemmas 5.4, 5.3 and 2.2, the fact that 
m > the Kolmogrov lemma (see, for example, [26, Lemma 5.16]) and the fact that 
II^IIl 2 (io,R") = 1 ) we deduce that 

N 


^n{bk){x) 


h{x)w{x) dx 

Lfc=i 

N 00 ^ 

XX/ ['^k{bk){x)]-h(^i k^{x)w{x)dx 
k=i 1=1 

N 00 ^ 

EEL bk{x)TL{h(i^ k)){x)w{x) dx 
k=l l=l 
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N oo 


1 V n 

k=i 1=1 


N oo 

sEEii'>‘ii 


LP{w,Bk) 


k=l1=1 
N oo 


w^x)dx 


LP' (io,R") 


< 

rv-/ 


“EEi w{Bk)]pMBkW ^ WVTkVT^ (V 


k=l1=1 
N oo 






^k 


EEw^‘)1’2 


—2Z(m+i) 


wi2^+^Bk) 


k=l1=1 
N oo 

^ (y. 

r\j ^ 

fc=i 1=1 

N 1 °° 

<a^w(-Bfc) es|mf [M^(|/ip)(y)] ^ ^ 


^llL 2 (^,S(i,fc)) 

1 r 


_w{2’-+^Bk) A'+ifife 


|/i(y)|2u;(y)dy 


A:=l 


1=1 


< 


< 


a / \Mw{\h\^){x)\'^ w{x) dx 




a 


td 


U®* 


^fc=i 


ll^l 


2||2 




W 




^fc=i 


where is as in (5.6) and (T^ {^{i,k)))Bi, is as in (5.4) with u and B replaced by 

Tj^ and Bk, respectively. This, together with (5.10) and (5.11), implies that 

2 


N 


Y.^kibk) 


< 


1 


k=l L^w,E*^) 

Combining this and (5.20), we have 

1 


aP 


-2 


\f{x)\^w{x) dx. 


Il2<^/ \f{x)\Pw{x)dx. 
aP Jr- 

This, together with (5.19), (5.17) and (5.16), implies (5.15). Hence, (5.14) holds true. 
Combining (5.14) and (5.13), we then complete the proof of Theorem 5.6. □ 

We are now in a position to prove Proposition 1.6. 

Proof of Proposition 1.6. We Hrst prove (i). Indeed, from Theorem 5.6, it follows that, for 
any / G LP{w, M”), 


^L-B\f) 


< 


LP{w,R^) 


LP(«),R-)- 


This, together with Proposition 1.5, implies that, for any p G (;^, 2] and / G Hi (M”), 


(5.21) 


^L-B\f) 


< 


LP(w,R") 
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Next, we prove (ii). From [51, Theorem 1.6], we deduce that, for any w G with 

g G [1, 1 + i) and / G 


VT-V2(/) 


< 




Liu 




Combining this, (5.21), Lemma 5.1 and the fact that 

[L\w, M^), M^)]0 = L^iw, 


where 9 G (0, 1), 1/p = {1 — 9) + 9/po and pQ G (1, oo) (see, for example, [11, Theorem 
5.5.1]), by the well-known properties of interpolation spaces (see, for example, [11, Theo¬ 
rem 4.1.2]), we obtain (5.21) in case p G [1, This finishes the proof of Proposition 


1 . 6 . 


□ 


6 Proof of Proposition 1.7 


To prove Proposition 1.7, we need the following local weighted Sobolev embedding 
theorem (see [31, Theorem (1.2)]). 

Lemma 6.1 ([31]). Let n > 2. For any given p G (l,oo) and w G 74p(M"'), there exist 
positive constants C and 5 such that, for any number ko G [1, -|- (5], any ball B = 

B{xB,rB) of M"" with xb G ffi"' and rB G (0, oo), and any u G C^{B), 


w{B) 


\u{x)\^°^w{x) dx 


'B 


1 

kQP 


<CrB 


w{B) 


\Vu{x)\^w{x) dx 


'B 


We are now in a position to prove Proposition 1.7. 

Proof of Proposition 1.7. Let p G (^^, and w G Ap(M”) C T 2 (M”). We first show 
that, for any given p G [2, ^^) and any h G L‘^{w, M"") n Riesz(^”)> 


( 6 . 1 ) 


LP(w,9.^) ^ 


VL-i/2(h) 


LP(io,R") 


Indeed, by [25, Theorem 1.1], the fact that (L^/^)* = (L^)^/^, and an argument similar 
to that used in the proof of [3, Lemma 2.2], we find that, for any u, v £ Hq{w, W^), 

[ LU‘^{u){x){Ll,y/‘^(v){x)w{x) dx = f [A{x)Vu{x)] ■ Vv{x) dx, 

Jm.” Jr" 


where A is the complex-valued matrix associated to Ly^, which satishes the degenerate 
elliptic conditions (1.4) and (1.5). By this, we see that, for any / G Hq{w, M”) and 
g G L\w, M-), 


/ L]/^{f){x)g{x)w{x)dx = f Ll/^{f){x){L*J^/^ {x)w{x) dx 

JR" JR" 
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= [ [A{x)Vf{x)]-V{L*J-^/'^{g){x)dx. 

From this, (1.4) and the Holder inequality, it follows that, for any given p G [2, any 

/ G H^{w, M”) and g G L^iw, M”) n Lp'{w, M^), 


( 6 . 2 ) 


Ll!‘^if)ix)g{x)w{x)dx 


< / |V/(x)| v(l;)-i/2 (5 )(x) wix)dx 

< l|v/||iP(^,M-) v(l;)-V2(5) 


LP' (io,R'i) 


Observing that p' G (;^, 2], by Theorem 5.6, we see that 


v(l;)-V2(5) 


< 


\lp' («;,R")- 


By this and (6.2), we conclude that, for any given p G [2, ^j^) and any / G Hq{w, M"'), 




I,P(«),R'*) 


II^/IIlp(io,R'*)) 


which further implies (6.1). 

Therefore, to complete the proof of Proposition 1.7, we only need to prove (6.1) in case 
P £ {^^1 2)- To this end, we first recall some well-known results. Let 5(M”) denote the 
space of all Schwartz functions and 5'(M"') the space of all Schwartz distributions. For 
any p G [1, oo) and w G Hp(R"'), the weighted Sobolev space W^’P{w, R"") is defined by 


lFi’P(u;, R”) := i / G 5'(R-)/C : ||4/||lp(«,,R") < oo 


k=l 


where, for any k G {1, ..., n}, d^f denotes the distributional derivative of /. From [13, 
Theorem 2.8(ii) and Remark 4.5(i)], it follows that, for any p G [1, oo) and w G Hp(R"'), 

Fb2“'(R’^) = W^’Piw, R"), 

where -/^^’^(R”) denotes the homogeneous weighted Triebel sapces (see [13, p. 583] for 
the definition). By this and [12, Theorem 6.2], we conclude that, for any 6 G (0, 1), 
1 < Po < Pi < oo and w G Hpp(R"'), 


(6.3) 


W^’P°{w, R”), W^’P^iw, R”) 



where 1/p = (1 — 0)/po + O/pi- 

To prove (6.1) in case p G (;^, 2) and w G Tp(R’^), we claim that it suffices to show 
that, for any a G (0, oo) and any / G W^’P{w, R”), 


(6.4) r(;(^|xGR": Si (^y^{f)^ (x) > ^ ^ J I V/(x)|^’ri;(x) dx. 
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where, for any h S L'^{w, M”) and x G M"", 


5i(/i)(a;) 




{h){y) w{y) 


dy dt 
w{B{x,t)) t 


1 

2 


Indeed, since has a bounded Hoo functional calculus in L'^{w, M”), we know that Si 
is bounded on Lp‘{w, M"') (see, for example, [15, p.487] or [1]). Thus, by this and [25, 
Theorem 1.1], we know that, for any / G 5(M"’) C Hq{w, M”), 


(6.5) 


Si 



L^{w, 



L^{w, 


I|V/IIl2(«;,R")- 


Since 5(M”') H F 2 ^’^(]R"') is dense in (M”') (see [12, p. 153]), we know that 5(M"’) is 
dense in R""). From this and a limiting procedure, we deduce that, for all / G 

R"’), (6.5) holds true. By [11, Theorem 5.3.1], we find that, for any po S [1, oo) 
and 9 G (0, 1), 


R"), R")]g = LP{w, R*"), 


where 1/p = (1 — 0)/po + ^/2- Combining this, (6.5), (6.3) and (6.4), by the well-known 
properties of interpolation spaces (see, for example, [11, Theorem 4.1.2]), we see that, for 
any q G (p, 2) with p G (^^, 2) and / G L'?(r(;, R"'), 




L<i(w,W') 


I|v/IIl'2(«),r" 


This, together with Proposition 3.6, implies that, for all q G (;^, 2) and h G L‘^{w, R”')n 


HI 

IjU 






VL-^/\h) 


L9(wj,R") 


Next, we prove that, for any / G 5(R"'), (6.4) holds true. Then, by Lemma 5.5 and 
a density argument, we further know that, for any / G kF^’P(R"’), (6.4) holds true. For 
any / G 5(R"'), by the Calderon-Zygmund decomposition of weighted Sobolev spaces (see, 
for example, [4, Proposition 1.1] or [8, Lemma 6.6]), we conclude that there exist positive 
constants C and N such that, for any a G (0, oo), there exist a collection of 

balls of R"', a family of functions, {bi}^^ C C'^(R"'), and an almost everywhere Lipschitz 
function g such that the following properties hold true: 


OO 

(6.6) f{x) = g{x) E hi{x) for almost every x G R”; 

i=l 


(6.7) llVpllip(^„^Rn) < C'llV/llip(^^Rn), ]Vp(x)] < Cu for almost every x G R”; 


supp bi C Bi 


and f \Vbi{x)\Pw{x) dx < CaPw{Bi); 
Jsi 


( 6 . 8 ) 
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(6.9) 


CO 

'^w{Bi)< Ca-P 

i=l 


IVf{x)\Pw{x) dx; 


( 6 . 10 ) 

i=l 

here and hereafter, for any /c G N, C^{W^) denotes the space of all functions possessing 
continuous derivatives up to order k on M”. Moreover, by the proof of [4, Proposition 1.1], 
we further see that, for any i G N, 


( 6 . 11 ) bi = {f - 

where 0 < Ci < 1; 0 S (^^(M”) with supp Q C Bi, and is as in (5.4) with u and 
B replaced by / and Bi, respectively. By this, (6.10) and the fact that / G 5(M"') C 
L'^i'w, M”), it is easy to see that ^ 1^”)- From this and the fact that 

is bounded on Lp‘{w, M”) for any t G (0, oo), it follows that 


N / oo \ 

(6.12) lim bi ) in L‘^{w, M”). 

Af->oo ^^ \ } 

i=l \i=l / 

For any G N, let Sn := tFi„e“*^'^’"(6i). By (6.12), we further know that there 

exists a subsequence of {S]\f}N€f^ (without loss of generality, we may use the same notation 
as the original sequence) such that, for almost every x G M”, 

( OO \ OO 

bi ] (x) = lim Sn{x) = {bi){x). 

i=l / i=l 


Moreover, from (6.11) and Lemma 5.4, we deduce that, for any z G N, 

[ w{x)dx< I w{x)dx < [ \Vf{x)\‘^w{x)dx, 

Jb, Jb, r%. JBi 

which, together with (6.10), implies that G L?‘{w, M”). By an argument similar 

to that used in the proof of (6.13), we find that, for any t G (0, oo) and almost every 
X G M"’, 


tLfij e 


-t^Ln 






PBi 


A 

PBi 


(x). 


\i=i ""V i=i 

By this, (6.13) and the Minkowski inequality, for any x G M”’, we find that 


Si kA 


(x) 
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^ >5*1 ( \lLy^ (^) I (x 


+ 


r(x) 


^tL^e ^^^^(bi)(y)x(o,rB,)it) 


2=1 


wjy) dy (U 
w{B{x,t)) t 


^tL^e ‘ ^“(6i)(2/)X[rB.,oo)W 


2 = 1 


/r(x) 

< 5*1 (y/lZ{g)] {x) + ^ 


w{y)dy dt 


w{B{x,t)) t 


2=1 


[ [ tLy,e 

Jo J B{x,t) 


2 w{y) dy dt 

•w{B{x,t)) t 


+ 


0 J B{x,t) 




E 


^2=1 * . 


{v) 


w{y) dy iM 
w{B{x,t)) t 


Ii(x) + ^ h,i{^) + l3(a;)- 


2=1 


By this, we know that 

(6.14) w ^|x € M"" : Si (x) > a|^ 

<w(^|xGR"-: Ii(x) > + w ^|x e M" : ^l2,i(a:) > ^ 

+w (^|x e M” : l 3 (x) > 

=: Ai + A 2 + A 3 . 

We first estimate Ai. Using the Chebyshev inequality, (6.5) and (6.7), we have 

(6.15) Ai < ^ /" Si (x) w{x)dx < ^ / \Vg{x)\^w{x) dx 

« jRn V / 

-A / (^^~^\^g{x)\^'^{x)dx < J- j \V f{x)\^w{x)dx. 

« Jr- aP Jr- 

Next, we estimate A 3 . By the Chebyshev inequality, (4.1) and (6.10), we conclude that 


(6.16) A 3 


< 


aP 


(E;:y I W 


< 


/ 

jR' 


f \bi{x)\^ 1 1 J 

> , / —p - wix) dx 


\ 2=1 


w{x) dx 


< 


aP 


E 

2=1 


bi{x) 


PB,, 


w{x)dx 


^ Jb p^r 
2=1 


Observing that 6 * € C'^(M") with supp 6 * C Bi, by Lemma 6.1, ( 6 . 8 ) and (6.9), we see 
that 


(6.17) 


LJSi 


\bi{x)\Pw{x) dx 


< 


UBi 


\Vbi{x)\Pw{x) dx 


< 

r\j 


rBia[w{Bi)]p . 




































Riesz Transform Characterizations 


35 


This, together with (6.16), implies that 

oo 

(6.18) ~ ^ dx. 

Finally, we estimate A 2 . From (6.14), Lemma 2.2, the Chebyshev inequality and (6.9), 
it follows that 


(6.19) A 2 = Id ( < X G M" ; ^l 2 ,j(x) > 


a 


2 = 1 


< '^w{4:Bi) + 


w \ \ X 


^ • 5^12,*(x) > I 


2=1 

1 


^i=l 


1 


2=1 


^/ \yf{,x)\^w{x)dx+ I 

OiP jR-n a‘^ J^n 


X]l2,i(x)y(4s,)c(x) 


2=1 


w{x) dx 


" aP , 
1 

H - n 


|V/(x)|^u;(x) dx 


2 1 


Ec( 


.2 = 1 


u{x)w{x) dx 


For any u G L‘^{w, R"') with ||ri||L 2 (^ = 1, by the Holder inequality and the Fubini 

theorem, we find that 


( 6 . 20 ) 


J^l2,i(a;)y(4B,)c(x) 


u{x)w{x)dx 


I 

JR'^ 

00 « 

< / |l2,i(x)||tt(x)|u;(x) dx 

7^1 

00 00 « 

= y'y'/ |l 2 ,i(x)l|'u(x)lu;(x)dx 

*=i ,=3 


2=1 J = 
00 OO 

SEE 

i=l j=3 


r rsi r 

Juj{Bi) Jo JB{x,t) 


rLujC "{bi){y) 


2 w{y) dydt 

—--^ -^wlx) dx 

w{B{x,t)) 


^\W\\L^iw,Uj{Bi)) 


;£EE 

i=l j=3 L 


{y,t)&R{Uj (Bi)), te( 0 ,r-s ) 


^^^"ibi){y) w{y)dy 


dt 

¥ 


^\W\\L2iw,Uj{Bi)) 
TS, / 


OO 00 

s;EE 

i=l j=3 L 


/o J 2 i+^Bi\ 2 i-^Bi 


2 (Jf 

t^L^e *^^'^{bi){y) w{y)dy-^ 
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where Uj{Bi) is as in (1.11) with B replaced by Bi and R{Uj{Bi)) is as in (1.9) with F 
replaced by Uj{Bi). Prom Proposition 2.4, Lemma 2.2 and (6.17), it follows that there 
exist positive constants c, c, 6i, 02 and 6 such that, for all t G ( 0 , 




\t^Ly,e ^ {hi){y)\^w{y) dy 


< 2^'®i 


< 2 ^'^e 


T 


(Y 


02 _c 

e 


23 r 


[w{2^Bi)] 


\bi{y)\Pw{y)dy 


23, 


_w{Bi) JB. 

i_i 1 a 1 

[w{Bi)]'^ prBia[w{Bi)]v <F>^rBiae P [w{Bi)]'i. 


1 

P 


From this and (6.20), via choosing a positive constant N G (max{20, 3}, oo), we deduce 
that, for any u G L‘^{w, EF) with ||u||l 2 (^ jjn) = 1, 


( 6 . 21 ) 


EY( ^)X(4Bi)c(2;) 


. 1=1 


u{x)w{x) dx 


< 


'^'^a[w{Bi)]2 


i=l j=3 


rrB, , , —2c 

2i(2e-Y)g 


23, 




N 




^\W\\L^(w,Uj{Bi)) 


OO oo 

i=l j=3 


w,Uj{Bi)) 


oo OO 

i=l j=3 


1 


w{2^Bi) J23Bi 


\u{y)?‘w{y)dy 


< 


^^2 <^)aw{Bi) inf [M^(|up)(z)] 

Z^JDi 


i=l j=3 


°° f 1 f 1 

-E“/ [^^P 3 {\u\‘^){z)]^ w{z)dz < a [M,j,{\u\'^){z)]^ w{z)dz, 

i—l J Bi Jw^j^Bi 


< 


where the Hardy-Littlewood maximal function M^, is as in (5.6). Using the Kolmogrov 
lemma (see, for example, [26, Lemma 5.16]), we obtain 



[M^(|up)(z)] 2 w{z)dz < 



\u 


1 

2 || 2 


\F(v 


This, together with (6.21), (6.19), (6.9), (6.10) and the fact that ||u||j;^ 2 (^„ Rn) 
that 


1 , implies 


(6.22) A2<4/ \Vf{x)\Pw{x)dx + w(\jBA<^ f 


|V/(x)|^rc(x) dx. 
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Combining (6.14), (6.15), (6.18) and (6.22), we see that, for any / e 5(M"'), 


w { <x ^ 


Si [Vl 


(x) >«|)^^/ \Vf{x)\Pw{x)dx, 

J / aP -on 


which further implies (6.4). This finishes the proof of Proposition 1.7. 


□ 


7 Proof of Theorem 1.1 


In this section, we show that Propositions 1.5, 1.6 and 1.7 imply Theorem 1.1. 

Proof of Theorem 1.1. Let p € (;^, 2] and w € 2lp(M"'). For any / £ C')?°(M"'), by [25, 

Theorem 1.1], we know that Ll/‘^{f) £ L‘^{w, M"'). Moreover, it is easy to see that, for 
any p £ (;^, 2] and any / £ C“(M"), 


VLzi/2 




— II^/IIlp(io,]R") < OO, 


1 

which implies that LJ, (/) £ Riesz(^”)- Thus, by Theorems 1.7 and 1.5, we conclude 
that, for p £ (;^, 2] and any / £ C'“(M"'), 


(7-1) \\Lll'^{f)\\LP{w,R'^) ^ 


r\j 

LP{w,R^) 




1 /2 

which further implies that Lyi (/) £ LP{w, M”). From this. Theorems 1.5 and 1.6, we 
deduce that, for p £ (;^, 2] and any / £ (^“(M”), 


II^/IIlp(«),r") — 


vlz^/2 


< 


LP{w,'S.’^) 

This, together with (7.1), finishes the proof of Theorem 1.1. 


iP(/) 


LP(«),R") 


□ 
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